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In communication complexity, a number of distant parties have the task of calculating a distributed
function of their inputs, while minimizing the amount of communication between them. It is known
that with quantum resources, such as entanglement and quantum channels, one can obtain signif-
icant reductions in the communication complexity of some tasks. In this work, we study the role
of the quantum superposition of the direction of communication as a resource for communication
complexity. We present a tripartite communication task for which such a superposition allows for an
exponential saving in communication, compared to one-way quantum (or classical) communication;
the advantage also holds when we allow for protocols with bounded error probability.
Quantum resources make it possible to solve cer-
tain communication and computation problems more
efficiently than what is classically possible. In com-
munication complexity problems, a number of parties
have to calculate a distributed function of their inputs
while reducing the amount of communication between
them [1, 2]. The minimal amount of communication is
called the complexity of the problem. For some communi-
cation complexity tasks, the use of shared entanglement
and quantum communication significantly reduces the
complexity as compared to protocols exploiting shared
classical randomness and classical communication [3, 4].
Important early examples for which quantum commu-
nication yields an exponential reduction in communi-
cation complexity over classical communication are the
distributed Deutsch-Jozsa problem [13] and Raz’s prob-
lem [14].
Quantum computation and communication are typi-
cally assumed to happen on a definite causal structure,
where the order of the operations carried on a quan-
tum system is fixed in advance. However, the inter-
play between general relativity and quantum mechan-
ics might force us to consider more general situations
in which the metric, and hence the causal structure, is
indefinite. Recently, a quantum framework has been de-
veloped with no assumption of a global causal order [5–
7]. This framework can also be used to study quantum
computation beyond the circuit model, for instance us-
ing the “quantum switch” as a resource — a qubit coher-
ently controlling the order of the gates in a quantum cir-
cuit [8]. It has recently been realized experimentally [9].
It was shown that this new resource provides a reduc-
tion in complexity to n black-box queries in a problem
for which the optimal quantum algorithm with fixed or-
der between the gates requires a number of queries that
scales as n2 [10]. The quantum switch is also useful in
communication complexity; a task has been found for
which the quantum switch yields an increase in the suc-
cess probability, yet no advantage in the asymptotic scal-
ing of the communication complexity was found [11].
Most generally, no information processing task is known
for which the quantum switch (or any other causally in-
definite resource) would provide an exponential advan-
tage over causal quantum (or classical) algorithms.
Here we find a tripartite communication complex-
ity task for which there is an exponential separation in
communication complexity between the protocol using
the quantum switch and any causally ordered quantum
communication scheme. The task requires no promise
on inputs and is inspired by the problem of deciding
whether a pair of unitary gates commute or anticom-
mute, which can be solved by the quantum switch with
only one query of each unitary [12]. If the parties
are causally ordered, the number of qubits that needs
to be communicated to accomplish the task scales lin-
early with the number of input bits, whereas the pro-
tocol based on the quantum switch only requires log-
arithmically many communicated qubits. This shows
that causally indefinite quantum resources can provide
an exponential advantage over causally ordered quan-
tum resources (i.e., entanglement and one-way quan-
tum channels).
The tripartite causally ordered communication sce-
nario we consider in this paper is illustrated in Fig. 1.
Alice and Bob are respectively given inputs x ∈ X and
y ∈ Y, taken from finite sets X, Y. There is a third
party, Charlie, whose goal is to calculate a binary func-
tion f (x, y) of Alice’s and Bob’s inputs, while minimiz-
ing the amount of communication between all three par-
ties. We shall first assume that communication is one-
way only: from Alice to Bob and from Bob to Charlie.
Furthermore, we grant the parties access to unrestricted
local computational power and unrestricted shared en-
tanglement. We will also consider bounded error com-
munication, in which the protocol must succeed on all
inputs with an error probability smaller than e.
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FIG. 1. Causally ordered quantum communication complexity
scenario. Conditionally on their inputs x and y, Alice sends
a state ρx to Bob, who then applies a CP map By and sends
the system to Charlie. The unlimited entanglement shared be-
tween the parties is represented by |Ψ〉. The optimal causally
ordered protocol is the one that minimizes the number of
qubits in ρx (which is a lower bound for the communication
complexity of the task)
.
In quantum communication, the parties communicate
with each other by sending quantum systems. Condi-
tionally on their inputs, the parties may apply general
quantum operations to the received system, and then
send this system out. We require that the parties’ local
laboratories receive a system only once from the outside
environment. We impose this requirement to exclude se-
quential communication, in which the parties commu-
nicate back and forth by sending quantum systems to
each other at different time steps. Alice’s laboratory has
an input and output quantum state, consisting of NAI
and NAO qubits, respectively; similar notation is used
for Bob’s and Charlie’s systems. We seek to succeed at
the communication task on all inputs with error prob-
ability lower than e, while minimizing the number of
communicated qubits N := NAO + NBO . The optimal
causally ordered strategy is for Bob to calculate f (x, y)
and then communicate the result to Charlie using one
bit of communication; in this case NAO is a good lower
bound for N.
The communication complexity of any causally or-
dered tripartite communication complexity task can be
bounded by considering the bipartite task obtained by
identifying Bob and Charlie as a single party. Bear-
ing this in mind, we prove a tight lower bound on the
quantum communication complexity of an important
family of one-way bipartite deterministic (error proba-
bility e = 0) communication tasks, which in turn im-
plies a lower bound on the communication complexity
of causally ordered tripartite tasks. This result appears
in Theorem 5 of Ref. [15], but we present a different
proof here.
Lemma 1 For deterministic one-way evaluation of any bi-
nary distributed function f : X × Y → {0, 1} such that
∀x1, x2 ∈ X, with x1 6= x2, ∃y ∈ Y for which f (x1, y) 6=
f (x2, y), the minimum Hilbert space dimension of the sys-
tem sent between two parties sharing an arbitrary amount of
entanglement is d =
⌈√|X| ⌉. Equivalently, the minimum
number of communicated qubits is dlog2 de.
Proof We recall a well-known result of quantum infor-
mation [16], establishing that if Alice and Bob share un-
limited entanglement, the largest number of orthogonal
(perfectly distinguishable) states that Alice can transmit
to Bob by sending a d-dimensional system is d2. There-
fore, they can deterministically compute f if Alice sends
a system of Hilbert space dimension
⌈√|X| ⌉.
Suppose by way of contradiction that the Hilbert
space dimension of the communicated system is only
(
⌈√|X| ⌉ − 1). The maximal number of orthogo-
nal states that can be transmitted by Alice to Bob is
(
⌈√|X| ⌉ − 1)2 < |X|. Therefore, there exist inputs
x1, x2 ∈ X such that the corresponding states ρ1, ρ2
transmitted to Bob are not orthogonal, and thus not per-
fectly distinguishable [17]. By our assumption about
the function f , there exists an input y ∈ Y such that
f (x1, y) 6= f (x2, y). Therefore, if Bob receives the input
y, he will need to distinguish between ρ1 and ρ2 in order
to output the function correctly, but this cannot be done
with zero error probability.
The previous lemma establishes that for a very large
class of deterministic communication complexity tasks,
it is necessary for Alice to communicate all of her in-
put to Bob. In these cases, the only advantage achieved
by causal one-way quantum communication is a reduc-
tion by a constant factor of two due to dense coding [18].
An important example of this form is the Inner Product
game [19, 20]. Note that Lemma 1 does not apply to re-
lational tasks such as the hidden matching problem [21],
for which there is an exponential separation between
quantum and classical communication complexity.
We now seek to establish a communication complex-
ity task for which indefinite causal order can be used as
a resource. In the following we assume that the parties
have local laboratories, and that they receive a quantum
system from the environment only once. They then per-
form a general quantum operation on their system, and
send it out. An example of a noncausally ordered pro-
cess is the quantum switch [8], whose use in the context
of communication complexity is shown in Fig. 2. Char-
lie is in the causal future of both Alice and Bob, and an
ancilla qubit coherently controls the causal ordering of
Alice and Bob; both the target state and the control qubit
are prepared externally. Assume that Alice and Bob ap-
ply unitary gates UA and UB to their respective input
systems of N qubits. The global unitary describing the
evolution of the system from Charlie’s point of view is
V(UA, UB) = |0〉 〈0|c ⊗ (UBUA)t + |1〉 〈1|c ⊗ (UAUB)t,
(1)
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FIG. 2. Communication complexity setup using the quantum
switch. A qubit in the state 1√
2
(|0〉c + |1〉c) coherently controls
the path taken by a system of N qubits in initial state |ψ〉t. One
path goes first through Alice’s lab and then Bob’s, while the
other path goes first through Bob’s lab and then Alice’s. Alice
and Bob are given classical inputs x ∈ X, y ∈ Y, and Charlie
(using the control qubit) computes a binary function of their
inputs f (x, y)
.
where the index c denotes the control qubit, and the uni-
taries UA and UB act on the target Hilbert space of N
qubits.
Using the quantum switch, one can determine
whether two unitaries UA, UB commute or anticommute
with a single query of each unitary, while at least one
unitary must be queried twice in the causally ordered
case [12]. Explicitly, consider the quantum switch with
the control qubit initially in state |+〉c = 1√2 (|0〉c + |1〉c)
and with initial target state |ψ〉t. If A and B apply local
unitaries UA and UB, the resulting state after applying
V(UA, UB) is
1√
2
(|0〉c ⊗UBUA |ψ〉t + |1〉c ⊗UAUB |ψ〉t) . (2)
If Charlie subsequently applies a Hadamard gate to the
control qubit, the resulting state is
1
2
(|0〉c ⊗ {UA, UB} |ψ〉t − |1〉c ⊗ [UA, UB] |ψ〉t) . (3)
Suppose that Alice and Bob randomly choose uni-
taries from a set U and that there exists a state |ψ〉t such
that ∀U, V ∈ U , either [U, V] |ψ〉t = 0 or {U, V} |ψ〉t =
0. Then Eq. (3) shows that the quantum switch with ini-
tial target state |ψ〉t and control qubit |+〉c as inputs al-
lows Charlie to discriminate between these two possi-
bilities with certainty by measuring the control qubit in
the computational basis.
We now define a communication complexity task, the
Exchange Evaluation game EEn, for any integer n. In
this game, Alice and Bob are respectively given inputs
(x, f ), (y, g) ∈ Zn2 × Fn, where Fn is the set of functions
over Zn2 that evaluate to zero on the zero vector
Fn = { f : Zn2 → Z2 | f (0) = 0} . (4)
Charlie must output
EEn(x, f , y, g) = f (y)⊕ g(x), (5)
where the symbol ⊕ denotes addition modulo 2. This
game can be interpreted as the sum modulo 2 of two
parallel random access codes [27].
We first construct an encoding of the inputs
(x, f ), (y, g) in terms of local n-qubit unitaries that all
commute or anticommute; we then use the previous ob-
servation to conclude that the switch succeeds deter-
ministically at this task with n qubits of communication.
We start with some definitions. The group of Pauli X op-
erators on n qubits is defined as
X(x) = Xx11 ⊗ Xx22 ⊗ · · · ⊗ Xxnn , (6)
where xi is the ith component of the binary vector x ∈
Zn2 . Here, Xi is the single qubit Pauli X-operator acting
on the ith qubit, and X0i = Ii is the single qubit identity
matrix.
We associate to every f ∈ Fn a diagonal matrix
D( f ) = ∑
z∈Zn2
(−1) f (z) |z〉 〈z| , (7)
where |z〉 is the state such that Zi |z〉 = (−1)zi |z〉, with
Zi the single qubit Pauli Z operator acting on qubit
i. The set {D( f )} f∈Fn consists of all diagonal matrices
with entries±1 in the computational basis, such that the
first entry is +1.
We define the set of unitaries
Un = {X(x)D( f )|(x, f ) ∈ Zn2 × Fn}, (8)
which has dimension
|Un| = 22n+n−1. (9)
This superexponential scaling of |Un| is essential to es-
tablish a communication advantage with the quantum
switch. Also note that
X(x)D( f )X(y)D(g) |0〉 = (−1) f (y) |x⊕ y〉 . (10)
Therefore, when acting on the n-qubit input state |0〉, the
elements of Un all commute or anticommute with each
other, and
[X(x)D( f ), X(y)D(g)] |0〉 = 0 , if (−1) f (y) = (−1)g(x)
{X(x)D( f ), X(y)D(g)} |0〉 = 0 , if (−1) f (y) = (−1)g(x)+1.
Therefore, the game is equivalent to determining
whether the corresponding unitaries X(x)D( f ) and
X(y)D(g) commute or anticommute when applied to the
state |0〉. By the discussion following Eq. (3), this prob-
lem can be solved deterministically by Charlie using
the quantum switch with O(n) qubits of communication
4from Alice to Bob, with a strategy consisting of apply-
ing the unitary corresponding to their input according
to Eq. 8.
We now show that the Exchange Evaluation game sat-
isfies the conditions of Lemma 1; this will allow us to
conclude that for deterministic (e = 0) evaluation in the
one-way causally ordered case, EEn requires an amount
of communicated qubits that grows exponentially with
n.
Proposition 2 For every (x1, f1), (x2, f2) ∈ Zn2 × Fn, such
that (x1, f1) 6= (x2, f2), there exists (y, g) ∈ Zn2 × Fn such
that EEn(x1, f1, y, g) 6= EEn(x2, f2, y, g).
Proof First note that EEn(x1, f1, y, g) 6= EEn(x2, f2, y, g)
if and only if
f1(y)⊕ f2(y)⊕ g(x1)⊕ g(x2) = 1. (11)
Then, since (x1, f1) 6= (x2, f2), either x1 6= x2 or f1 6= f2
holds. We check that the conditions of the lemma are
satisfied in both cases.
(i) Case where x1 6= x2:
Suppose without loss of generality that x1 6= 0 and
define g as the function such that g(x1) = 1 and g(z) =
0, ∀z 6= x1. Also, because f1, f2 ∈ Fn, f1(0) = f2(0) =
0. Therefore, the function g we just defined and y = 0
satisfy Eq. (11).
(ii) Case where f1 6= f2:
Let y ∈ Zn2 be a vector for which f1 and f2 differ, so
that f1(y) + f2(y) = 1. Then this y and the zero function
g(x) = 0 ∀x satisfies Eq. (11).
According to Eq. (9), the dimension of the set of in-
puts to EEn is |Un| = 22n+n−1. Direct application of
Proposition 2 with Lemma 1 establishes that the num-
ber of qubits of communication required for determinis-
tic success in the causally ordered case is 12 log2 |Un| =
1
2 (2
n + n− 1) = Ω(2n), using dense coding. In compar-
ison, we have seen that with the quantum switch as a
resource, we need only n qubits of communication be-
tween Alice and Bob to calculate this function. We thus
conclude that for the Exchange Evaluation game, there
is an exponential separation in the deterministic com-
munication complexity of EEn.
Note that with two-way (classical) communication,
it is possible to solve the Exchange Evaluation game
with 2n + 2 bits of communication, simply by hav-
ing Alice and Bob send their vectors x, y to the other
party, followed by local evaluation of f (y) and g(x) by
the parties and communication of the result to Charlie.
We emphasize that once we allow two-way communi-
cation, the quantum advantage can also disappear in
traditional quantum communication complexity (com-
paring causally ordered quantum communication with
classical communication): this is the case for the dis-
tributed Deutsch-Jozsa problem [13], but not for Raz’s
problem [22].
For causally ordered communication complexity
tasks, the exponential quantum-classical separation
does not always continue to hold when allowing for
protocols to have a small but nonzero error probability
e > 0. Indeed, looking at early examples of tasks, the
advantage disappears for the distributed Deutsch-Jozsa
problem [13], while it remains for Raz’s problem [14].
We prove in the Appendix that the one-way quantum
communication complexity with bounded error for EEn
scales as Ω(2n), and thus that the exponential separa-
tion in communication complexity due to superposition
of causal ordering persists when allowing for a nonzero
error probability.
To show that it is possible to operationally distinguish
quantum control of causal order from two-way com-
munication one could introduce counters at the output
ports of Alice’s and Bob’s laboratories, whose role is to
count the number of uses of the channels. Such an ar-
gument has already been made in Ref. [10] to justify a
computational advantage. We can model a counter as a
qutrit initially in the state |0〉, whose evolution when a
system exits the laboratory is |i〉 → |i + 1 mod 3〉, where
i ∈ {0, 1, 2}. Then, for both one-way communication
and the quantum switch, the counters of Alice and Bob
will be in the state |1〉 at the end of the protocol; for
genuine two-way communication, at least one of these
counters will be in the final state |2〉. Therefore, the ex-
pectation value of the observables N = ∑2i=0 |i〉 〈i| for
the counters allows us to distinguish realizations of the
quantum switch, such as [9], from two-way quantum
communication.
In conclusion, we have found a communication com-
plexity task, the Exchange Evaluation game, for which a
quantum superposition of the direction of communica-
tion — the quantum switch — results in an exponential
saving in communication when compared to causally
ordered quantum communication. An interesting fea-
ture of this game is that it is not a promise game, as are
most known tasks for which quantum resources have an
exponential advantage [4].
In future work, it would be interesting to explore
other information processing tasks for which the quan-
tum switch – or other causally indefinite processes –
may yield interesting advantages. For example, one
could look at the uses of the quantum switch for secure
distributed computation [23–26]. Indeed, imagine that
Alice and Bob both want to learn about the value of EEn,
in such a way that the other party does not learn about
their inputs. They could achieve this goal by enlisting a
third party and using the quantum switch with the EEn
protocol.
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VC-dimension bounds on the bounded error one-way
quantum communication complexity
In this section we show that if the protocol allows
for some error probability, bounded by e for all in-
6puts, the one-way communication complexity of EEn
still scales as Ω(2n). As in Fig. 1, we assume that Alice
and Bob share unlimited prior entanglement, and that
Alice sends a quantum state to Bob. We note that under
the promise that Bob’s input function is the zero func-
tion g = 0, the Exchange Evaluation game reduces to
a random access code [27], for which optimal bounds
on the bounded error communication complexity are
known [28]. However, it is more straightforward to ap-
ply a bound that uses the concept of VC-dimension [29].
Definition VC-dimension. Let f : X × Y → {0, 1}. A
subset S ⊆ Y is shattered, if ∀R ⊆ S, ∃x ∈ X such that
f (x, y) =
{
1, if y ∈ R.
0, if y ∈ S \ R. (12)
The VC-dimension VC( f ) is the size of the largest shat-
tered subset of Y.
Given a function f (x, y), we denote by Q1e( f ) the one-
way (from Alice to Bob) bounded error quantum com-
munication, where e is the allowed worst-case error, and
arbitrary prior shared entanglement is available. We
make use of a theorem by Klauck (Theorem 3 of [15])
that relates the bounded error quantum communication
complexity of a function to its VC-dimension.
Theorem 3 For all functions f : X×Y → {0, 1}, Q1e( f ) ≥
1
2 (1 − H(e))VC( f ), where H(e) is the binary entropy
H(e) = e log(e) + (1− e) log(1− e)
Let us bound the VC-dimension of EEn : X × Y →
{0, 1}, where X = Y = Zn2 × Fn, by showing that S ={(y, g)|g = 0, y 6= 0} ⊂ Y is shattered. This is clear,
since for any R ⊆ S, there exists the indicator function
fR(y) =
{
1, if (y, 0) ∈ R.
0, otherwise,
(13)
so that S is shattered.
Therefore VC(EEn) ≥ |S| = 2n−1, and Theorem 3 im-
plies that the one-way quantum communication com-
plexity Q1e(EEn) ≥ (1 − H(e))2n−2. This establishes
that the number of communicated qubits scales expo-
nentially with n even in the bounded error case, so
that the exponential separation between the quantum
switch and one-way quantum communication contin-
ues to hold.
